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Abstract. In this paper, we study the formula for a product of two Euler 
polynomials. From this study, we derive some formulae for the integral of the 
product of two or more Euler polynomials. 



1. Introduction 

As is well known, the Bernoulli polynomials are given by the generating function 
as follows: 



°° in 
1 ' n! 



■ ' 

with the usual convention about replacing B n (x) by B n (x). In the special case 
x = 0, B n (0) = B n are called the n-th Bernoulli numbers (see [18-20]). The 
constants in the Taylor series expansion 

(1) t-t = E E M' W <7r ' 

e r + 1 ^— ' n! 

n— 

(cf. [2,11,12]) are known as the fc-th Euler numbers. From the generating function 
of Euler numbers, we note that 



(2) £o = l, E n = -J2( n ) E i, forneN 



n 

i 

The first few are 1, — |, 0, j, and E 2 k = for k = 1, 2, .... The Euler polynomials 
arc defined by 

9 _ + n v / n /^,\ \ +™ 



(3) ^'=E«rE E « 

n=0 ri=0 \ fe=0 v 7 / 

Thus, by (3), we get 

(4) E n (x) = J2 (t) EkXn ~ k = ( E + x Y l > ( see I 2 ' 5 ' 11 ' 12 ! 



fe=0 



with the usual convention about replacing E n by E n . 
From (1), (2) and (4), we have 

(5) Eq = 1, E n {l) + E n = (E + l) n + E n =0, if n > 1. 
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By the definition of Euler polynomials, we easily see that 



oo 



i' a 9 9 f n 

n=0 n=0 

From (6), we have the reflection symmetric relation for Euler polynomials as follows: 

(7) E n (x) = (-l) n E n (l - x), (sec [1-16]). 
By (4), we get 

(8) - g (?) <» - <>*-'-'*< - »g (" ; ') 

= n{E + x) n 1 = nE n -i(x). 
Thus, by (8), we see that 
(9) 

f 1 1 f 1 d 

/ E n {x)dx = — — / — E n+1 (x)dx 
Jo n + 1 Jo dx 

= -^—(E n+1 (l)-E n+1 ) = 2 —E n+l , for neZ+=NU{0}. 

n + 1 n + 1 

The gamma and beta functions are defined as the following definite integrals (a > 0, 

/3>0): 

(10) r(a) - / e-'r^dt, (sec [20]), 

Jo 

and 

/■l /"Oo j.a—1 

(11) B(a,P)=j o e-\l-ty- 1 dt = j a {l + t)a+li dt. 
By (10) and (11), we get the following equation: 

(12) r(a + l) = aT(a), B(a, /?) = ^ ( "™ , (see [20]). 

1 (a + p) 

In this paper we give some interesting properties of several Euler polynomials to 
express the integral of those polynomials from to 1 in terms of beta and gamma 
functions. Finally, we derive some identities on the integral of the product of Euler 
polynomials. 



2. On the integral of the product of Euler polynomials 

Let us consider the integral for the product of Euler polynomials and x n as 
follows: 



(13) / y n E n (x + y)dy = £ ( )E n _ l {x) / y n+l dy = £ 

JO ; =0 W JO i=Q 



n + Z + 1 
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On the other hand, by (7), we get 



/ y n E n (x + y)dy = (-l) n [ y n E n (l - (x + y))dy 
Jo Jo 

= (-1)"E (fjEn-ti-x) j\ n {l-y) l dy 
= E ( i) (-!)^n-z(l + x)B(n + 1,1 + 1) 

-vf n V iVF n I r ^(n + i)rg + i) 
~ S w x) r(n + / + 2) • 

Therefore, by (13) and (14), we obtain the following theorem. 
Theorem 1. For n £ Z + = N U {0} 7 we have 

" (-)E n ^(x) = » /K-iO + x) \ J?)_ 

^ n + Z + 1 ^ ^ n + ; + 1 j ( n+ r 

in particular, x = 0, 



n /n\ 



(-1) 



Let n £ N with n > 3. Then, by (9), we see that 
(15) 

*/"£„(* + y)dy = E "( x + V - [ y^E^Ax + y)dy 

Jo n + 1 n + 1 Jo 



E n (x + l) E n _ 1 (x + 1) n 2 n(n — 1) 



+ ( — 1) 7 — vtV? — f~oT / y" + ^n-2(.x + 



n+1 n+1 n + 2 (n + l)(n + 2) 

£„(x + 1) nE n _ x {x + 1) + 2 ™( n - l)-B n -2(a: + 1) 



fy n+2 E n - 

Jo 



n + 1 (n + l)(n + 2) v ; (n + l)(n + 2)(n + 3) 
n(n-l)(n-2) 
(n + l)(n + 2)(n + 3) 



Jo 
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Continuing this process, we obtain the following equation: 



/ y n E n (x + y)dy 
Jo 



E n (x + 1) " 1 n(n - 1) ■ ■ ■ (n - I + 2)(-l)'- 1 
- -^TV~ + ^ („+!)(„ + 2)-.. (n + Z) + ^ 

(16) + (-D m - i n ^n (n 7 2 2) "n f + ^ 

n(n + 1) • • • (2n - 1) J 

_ + 1) ^ n(n - 1) ■ ■ • (n - j + 2)(-l)'- 1 

~ n+1 ^ (n + l)(n + 2)---(n + + ^ 

Therefore, by (14) and (16), we obtain the following theorem. 

Theorem 2. For neN with n > 3, we have 
" + 1) (?) j^Qr + 1) ^ (?)(»- / + 2K-1)'- 1 



(-1) 



71-1 



K + 1 )-2^Ti)- 



( 2 ™) V~ 1V ~ ' ^' 2n + 
In the special case, x = 0, 
y En-i (?) ^ , ^ (?)(n-f + 2) , 1/1 1 \ 

s n+,+i cr) - +i h m n -' +i+ ( 2 :)V2 + 2n + j- 

For n e N, we have 

(17) f 1 y n E n (x + y)dy=^--^— f j/"" 1 E n+1 (x + y)dy . 

Jo n+1 n+1 „/ 

By (17), we get 

(18) 

f y n E n (x + j,)^ = _ » £ ( n + 1 ^„ +1 _ ; (- s )(-l ) «+i B (n, Z + 1). 

J n + ln+l^VW 

Therefore, by (14) and (18), we obtain the following theorem. 
Theorem 3. For neN, we have 

— -^2^ TS+iT^+i-'d + -)(-!) -2. n + Z + 1 (- 1 ) 



n+1 n+l^^) — ^ n + Z + 1 



In particular, x — 0, 

rp ■, n+1 (n+l\ n fn\ „ 

_En+l 1 \p I j J p \ " ^n-i 

"n+1 n+l^Cf) "+ 1 -' + ^(^„ + I + l- 
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A definite integral for the multiplication of two Euler polynomials can be given 
by the following relation: 



-i ™ / \ m / \ r 1 

^ E n {x)E m {x)dx = Y,y i )E l {-l) m Y,\l) E k J o x n ~ l (l 



x) m ~ K dx 

(19) 1=0X7 fe= ° W J ° 

11 m / \ / \ 
= EE [ i U )(-l) m ^fcB(n-/ + l,m-fc + l). 

(=0 k=0 V / V / 

Let to, n 6 N + with m > 1. Then we see that 

/ E n (x)E m (x)dx = — / E n+1 (x)E m _ 1 (x)dx 

Jo n + 1 Jo 



(20) 



= (-l) 2 r " ( " % [ E n+2 (x)E m _ 2 (x)dx. 
{n + l)(n + 2) 7 



Continuing this process, we have 
(21) 



f E n {x)E m {x)dx = {-l)™- 1 - ,™ { ™ tt /' E n+m ^{x) El {x)dx. 

Jo (n+ l)(n + 2) • • • (n + m - 1) J 

It is easy to show that 

(22) f E n+m -i(x)E 1 (x)dx = — / E m+n {x) - 

Jo m + nj 



(to + n)(m + n + 1) 



Thus, by (20), (21) and (22), we get 



(23) 



/ En (x)E m (x)dx = (-l) m+1 - 
Jo 1 



2m\E n+m+ i 



(n + l)(n + 2) • • • (n + m)(n + to + 1) 

2 / ^m+l m! " ! gn+m+1 



(n + to)! n + to + 1 
Therefore, by (19) and (23), we obtain the following theorem. 
Theorem 4. For to, n 6 Z + to > 1, we ftawe 



("+ m )(n + TO+l) ^^\lj\kj^ 1 k ~ r(n + m-l-k + 2) 
Moveover 

o / / / j fn-\-rn — l — k\ 



" + '"+' (n+m-J-fc\ ln + TO-/-fc + l 

Z=0 /c=0 V n-i / \ 
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From (3), we note that 
(24) 

ml n\ 



(mE^^xjEnix) + nE m (x)E n _ 1 (x) 



m,n=0 

d ( 4e( s+t ) :E 



= {s + t) -—-—^ - e^ s+t > 



dx We* + l)(e s + 1) ) v 7 (e* + l)(e s + 1) 

I S + t (s+t)a 



I e (s+t)-i M e * + 1 e s + 1 i 

-(f;W^)(4->x>S-»i>£) 

\ m,n=0 / V r=0 v ; / 

Ef _ o -^~2r+l f,2r+m+l n , 2r+l+n,m\ 

A 2 ^ n (2r + l)! mini V S + * * J 

m,n=0 \ r=0 v ' , 



/ , t m s n m\ \ 

jC o [ - 2 E (^TTj! ( Bm - 2r ^ (l) (m - 2r - l)!ra!m! ) 



(n — 2r — l)!m! n! 



E (- 2 E ^2, + lB m -2,-l+„(x) f ( 2r ™ ^ + ( 



. ,2r+ I J Vlr + l) I i mini' 
By comparing coefficients on the both sides in (24), we obtain the following theorem. 

Theorem 5. For m, n 6 N, we ftowe 
m£ m _i(i)£„(i) +n£ m (x)£ n _i(x) = -2 ^ £ 2 r+i-Bm-2r-i+n(z) ^( 2 r+ l) + ( 

From (8) and (9), we note that 

-^-{E m {x)E n {xfj = mE^^Enix) + nE m {x)E n ^ 1 {x) 

(25) 

= — 2 E2 r +lB m _2r-l+n{%) 
r=0 

Thus, by (25), we get 



2r + l \2r+l 



E m (x)E n (x) = J -^(E m (x)E n (xj S jdx 



<26) =-»E^.fe^(f M )U 



m + n - 2r \ V 2r + 1 / V 2r + 1 . 

r=0 \ x ' x ' 
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where C is some constant. 
For to + n > 2, we have 

(27) 

By (23) and (27), we get 



/' 

Jo 



E m (x)E n (x)dx = C. 



OR\ C = 2( l) m+1 m!n! En + m + 1 = ( pm+l 2 ^t+m+l 

1 J 1 ; (n + my.n + m + 1 K ' ( n+m ) n + to + 1 ' 



Therefore, by (26) and (28), we obtain the following theorem. 
Theorem 6. For m, n 6 N with to + n > 2, we have 



E m (x)E n (x) 

OO 

r=0 



/ TO \ / n \\ E 2r +lB m+n -2r(x) 

\2r + l) \2r + lJ ) to + n - 2r 



+ 2(-l) 



m+l 



n+m+1 



(n + rn + l)' 



Note that 



r 



B m +n-2r{x)E p (x)dx 



B m +n-2r+l(x)E p (x) 



to + n — 2r + 1 



Jo 



(x).Ep_i(a:) 



m+n— 2r+l 

to + n — 2r + 1 



= -2- 



73 



m+n — 2r+\Bp 

m + n — 2r + 1 



-P 



D 



m+n-2r+2 



(x)E p _ 1 (x) 



(to + n - 2r + 1) (to + n - 2r + 2) 



+ p(p-l)(-l) 5 

Continuing this process, we obtain 
(29) 

/ B m+n _ 2r (x)E p (x)dx 
Jo 



B m +n — 

2r+2(x)E p - 2 (x) 

o (m + n-2r + l)(TO + n-2r + 2) 



dx. 



p-i 



= 2 P lJ2 

1=0 

p-i 
= 2 P lJ2 

1=0 

v 

= 2 P lJ2 



2r+lE p -l + i(-l) 



+ 



p\(-l) p 1 B m+n _2r+p-i(x)E 1 (x)dx 
(m + n-2r + l)---(m + n-2r + l) ' (m + n - 2r + I) ■ ■ • (m + n - 2r + p - I) 

2r+lE p -l + i( — l) 1 | 2p\( — l) p B m+n _2r+pEi 



(m + n - 2r + 1) • • • (m + n - 2r + I) (to + n - 2r + 1) • • • (m + n - 2r + p) 

B m +n-2r+lEp-l + i( — iy _ B m + n -2r+lE p ~l-\-i (— l) 1 

(m + n - 2r + 1) • • • (m + n - 2r + I) ~ P ' , n+m -2r+i\ ~ ' 
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From Theorem 6, we can derive the following equation (30). For m,n,p £ N, we 
have 

/ E m (x)E n (x)E p (x)dx = / E p (x)(E m (x)E n (x))dx 
Jo Jo 

- - 2 g (( 2r ; i) + U tef^^ 



(30) 



("+"•) (n + m+l) 7 

By (29) and (30), we get 
(31) i 

/ E m (x)E n (x)E p (x)dx 
Jo 

= -A P \y(( m ) + ( n )) E2r+l y 

y ^ \ \2r + I J \2r + I J I n + m - 2r £^ 



B m +n~2r+lE p -l+i (—1) 



r=0 
+ 4 



v 2r + lj J n + m-2r j-^ (n+m-2r+l^ 
(— l) m E n+m+ iE p+ i 



On the other hand, 



/ E m {x)E n {x)Ep{x)dx 
Jo 

m n p / \ / \ / \ pi 



=0 3=0 k=0 

(32) 



- M) P E E E (?) (") (!) ^-J^n-^fcBO + j + 1,P - fc + 1) 

i=0j =ofe=o WWW 



(?)(")(:K.w, 



, „ ,,_„ j;ww 'd+i+p-fc+D! 

Therefore, by (31) and (32), we obtain the following equation: 

E2r+1 sr-^ B m+n -2r+lE p -l + i (— 1) ! 



^\V 2r + 1 / \2r + iJ J n + m-2r^ 

(-l) m £' Tt+m+ i£'p + i _ i^V^V^V^ ( ! ) (k)B m -iE n ^jE k 



■("r)(n + m + l)(p+l) tj^ftnc + j+p-Hi)' 

where m,ii,j)£ N. 
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